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Unified analysis of pressure melting of ice around horizontal columns”
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Abstract

The contact melting processes of ice, caused by pressure under the two-dimension axisymmetric horizontal columns, are

generally studied. The unified mathematical expressions of the characteristic parameters for the pressure contact melting processes are ob-
tained. Applying these expressions to the analysis of the pressure contact melting of ice around the horizontal cylinder, elliptical cylinder
and flat plate, the related results in the published literatures are obtained, which prove the correctness and validity of the expressions. In
addition, the expressions for the pressure contact melting of ice around the wedge-shaped object are also derived.
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The phenomena of contact melting exist widely
in nature, which had attracted lots of scholars’ atten-
tion. The contact melting caused by temperature dif-
ference have been studied broadly for various heat re-
sources with different geometry shape“—5 ). In addi-
tion, some investigators made unified analysis about
sphere, horizontal round tube, rectangle capsule and
vertical round tubel®”. But there are some problems
in the reports, namely either the force balance equa-
tion is singly listed as a complementary equation[(’]
without being analyzed and depicted in unification or
the unified analysis can be only applied to the heat re-
sources with given shape such as sphere, horizontal
cylindrical tube, rectangular capsule and vertical
cylindrical tube by employing the different factor!”}.
So the results can not be applied to the contact melt-
ing under the heat resources with other shape. Bejan
and Tyvand firstly put forward and analyzed the con-
tact melting around an embedded horizontal cylinder
driven by pressure in 1992[8’9], which is called as
pressure contact melting. After that, some investiga-
tors studied the pressure contact melting of ice around
horizontal cylinder, elliptical cylinder and sphere in

(10-121 " 2nd some useful results were ac-

succession
quired. In the present work, the pressure contact
melting under the axisymmetric horizontal column
was analyzed in a general way, which took into con-
sideration and avoided the above-mentioned problems
of the unified analysis of temperature difference-driv-
en contact melting. The unified expressions of some

related characteristic parameters of pressure contact

melting were derived. The expressions obtained were
applied to the melting under the object with particular
shape such as horizontal cylinder and elliptical eylin-
der as well as flat plate, and the results were proved
to be correct by comparison with the related litera-
tures’ .

1 Theoretical analyses

Consider the pressure melting as shown in Fig.
1, the infinite long horizontal column melts down in
the ice with velocity U under the force F. The curve
equation of horizontal column section is y = f(z).
(xy» yo) is the right end point of the section. The
temperature of ice and horizontal column are both
supposed to be Ty =0T at initial time. For simplici-
ty, it is assumed that T, approximately equals to the
temperature of triple-point of water. The melting
point of ice drops to T, (< T,) because of the in-
crease of pressure p and the ice changes into water.
According to the Clausius-Clapeyron equation the ‘re-
lationship between melting point of ice T, and pres-
sure p is
dp/dT,_ =- A, (D
where A= L/[Ty(v,~ v,)] and L is melting latent
heat. v, and v, are the specific volume of ice and wa-
ter, respectively. Around the triple-point of water,
AZ213.6 MPa/K. Integrating Eq. (1) yields
Ty— T, = (p—py)/A. (2)

It is assumed that (a) the boundary layer thick-
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Fig. 1. Physical model and coordinates.

ness is much smaller than the radial size of horizontal
column, and heat transport by the convective flow is
negligible as compared with that by heat conduction
in the quasi steady liquid layer; (b) neglecting the ef-
fect of the inertia force, the momentum equation in
the boundary layer is caused mainly by the viscous
forces and 8%/ 9h*< 3%/ 3s*. Then the governing e-
quations and boundary conditions can be written as
follows, respectively

’u _ dp
H 852 T dn’ (3)
T(J — Tm
Ty = pUL cos¢, (4)
) h
J uds ZJ Ucos$dh, (5)
0 0

s=0,u=0,T=T0> -

s=6, u=0,T=T,
where u, u, A, and p are velocity of liquid along A
direction inside boundary layer, dynamic viscosity,
thermal conductivity and density of liquid, respective-
ly. The expression of normal angle ¢ is

1 1
b= | = ) @)
O +tan’d) 1+ (f ()
Combing Egs. (3) and (6), we can get
_ 1 dp . _
“=3, dhs(s 8). (8)
Substituting Eq. (8) into Eq. (5) yields
dp _ _ , xxU
T 12 5 (9)
Substituting Eq. (2) into Eq. (4) yields
AP = pe)
0= pLUA cos$ * (10)

Substituting Egs. (10) and (7) into Eq. (9) results

m

P~ b
~ 48 3L3A3)1/4 z z 1/4
= ( 23 (le+(f“(x))2dx
(11)

The pressure on unit length of horizontal column is
F = zfoo(p - pgldx

48,03 LIA3| V4
= 2U( 12 )
1

1/4

dz. (12)

fo(f PRTIEIC

The average pressure on the horizontal column surface

18

F = 2% (13)
0
Substituting Eq. (12) into Eq. (13) results in
a x F”
= 48 3L3A3 1/4 2, ( (% z 1/4
( Y ) L, U L+ (F (o)) 4=
(14)

Substituting Egs. (7) and (11) into Eq. (10), we
can get the liquid film thickness

1/4
‘-‘%) 1+ (f ()

S =
pLA

/4

x

o x
. —————dx . (15)

UI 1+ (f(2))?

Egs. (11)—(15) are the unified mathematical
expressions of the characteristic parameters for the
pressure melting of ice around axis-symmetric hori-
zontal columns.

2 Results and discussion

2.1 The pressure melting of ice around the horizon-
tal cylinder

When the horizontal column is a cylinder with
radius R, the section curve equation and right end
point of the cylinder are given as follows, respectively,

f(.l‘) - _ (R2 _ 12)1/2}

Then, we can derive
r"-_‘x—’dx) _ L(E_ﬁ)z
: 1+ (F(2))? R 2 2/
(17)
z, x, x 1/4
J U mdx) dz = 0.5°zR'?.
0 T X
(18)
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Substituting Eqs. (17) and (18) into Eqs. (11)—
(15), respectively, results in

Egs. (19)—(23) are the same with the results ob-
tained by literature!'®).

12 uR2L3 3 A3 V4 12|12
p—pe=U _11__/\3 £ —) ( 1-— ( 1—?—) ) , 2.2 The pressure melting of ice around the elliptical
! cylinder
(19)
P TR /2( (124 )1/ 3 oLA ) 3/4 20 When the horizontal column is a horizontal ellip-
-2 A, ? (20) tical cylinder with long and short radius b, a, the sec-
, 1/3 3/4 tion curve equation and right end point of the ellipti-
4 F E QLA
F = AR 1.462 URI/Z( A, ) ,» (21) cal cylinder are given as follows, respectively,
2,172
1/3 3/4 _ _x
U%F”/(1.462R1/2(LX“:L_A) ) (22) fle) = bl a2) (24)
12 1/4 ‘ZO = a
d = (Eﬁ%) RY2, (23) Then, we can derive
I
(1-7H1 - (2/a)?) +Jn
"z . a 1= (z/a)’ + I*(x/a)’ (25)
) ) (1- ) ’

J:OUZO1+<;<J;))2‘1’) de = 27462

1

(1= -2+

2

0

[ 1/4
- 1—z2+]2z2 dz, (26)
(1-7%)?

where J = b/a. Substituting Eqs. (25) and (26) into Egs. (11)—(15), respectively, results in

(1-75H0 - (z/a)*) + J’In

24420 L3A% V4
cpa p L A
| x

]2 1/4
1-(x/a)*+ 12(x/a)2] , (27)

P~ P = U A3
1 (1 - J2)?
, 2410 LEA%| V4
F' = 2J0 (p — pp)dx = fl(])ZaS/ZU(_%'—) , (28)
24w LA V4
U=F (fl(J)a‘“(*’ﬁ‘L—As ) ) (29)
1
2 1/4
2 1/4 2 2\ 12 1- 191 - 2 2 J
P (1-J%?
(30)
where
2 1/4
1 g2 2 2 Y A
A = | {(1 A==+ T 7R e g, (31)
0 (1- %)
Egs. (27)—(31) are the primary results ob- flx) = C} (32)
tained by literature"'?). When ¢ = b = R, namely Ty = a ’

J =1, the elliptical cylinder changes into a cylinder.
Then from Eqgs. (27)—(31) we can also obtain Egs.
(19)—(23).

2.3 The pressure melting of ice under the horizontal
flat plate

When the horizontal column is an infinite long
flat plate, the section curve equation and right end
point of the flat plate are given as follows, respective-

ly,

where C is a random constant, and a is half of the
width of the flat plate. Substituting Eq. (32) into
Egs. (11)—(15), respectively, results in

373,43
24&2514 (aZ_IZ)

1/4
P~ Po= U( Al

, (33)

F = ZJ 0(p — poldx
0
24103 L3A%\ VA
= 2a3/2U(_g‘D——A3 ) J (1 - 2HY4z.
1 0
(34)
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Transforming the function (1 — 22)1/4 in Eq. (34)
into exponential series and substituting it with a van-
ishing error by a fifth-order polynominal, we can de-
rive

24 gg3L3A3) 74

Fa 2a3/2U( e
1

XJI(I 2920 31520 24255:%)
ol" 47 96 5760 645120
~ 3‘921&3/2[](@_3%,4_3)‘/4, (35)
F'a 1-9609a1/2U(:‘—‘P—3}L—;—A2) 1/4
1
= 1-3866UW1/2(E£%‘\_3)1/4, »
8= (_2;;11%1) 1/4(a2 N -

Comparing Egs. (36) and (37) with Bejan’st®!
Egs. (16) and (15), we can find that the expres-
sions of boundary layer thickness are the same. The
coefficient in Eq. (15) of Ref. [8] is 1. 368, and
here it is 1.3866, which means the relationship be-
tween average pressure and melting velocity is also the
same approximately (in Eq. (36). W =2a).

2.4 The pressure melting of ice around the horizon-
tal wedge-shaped object

‘When the horizontal column is a wedge-shaped
object, we can get
flx) =—aC + Cx}

Iy = a

(38)

where C is a random constant, a is half of the width
of the wedge-shaped object. Substituting Eq. (38)
into Egs. (11)—(15), respectively, results in

35343 1/4
[2“’5“-’——4 L4 <a2*x2>) , (39)

P=Po= Y30+ cY
373,43 1/4
po’ LA
F’ = 1.9609 1/2U( ) ., (40)
a Aasch
2 1/4
+
5 = (2————4"’11;;4 ¢ )) (a® - 2™, (a1)

Egs. (39)—(41) are the expressions of pressure
melting of ice around a horizontal wedge-shaped ob-
ject. From Egs. (39) to (41), it can be seen that the
sharper the wedge-shaped object is (C is bigger), the
bigger the melting velocity and the thicker the bound-

ary layer are. When C =0, the wedge-shaped object
changes into a flat plate, then we can derive the Egs.
(36) and (37) from Egs. (40) and (41), respective-
ly.

3 Conclusions

In this paper, the general physical model is pro-
posed and the unified mathematical expressions of the
characteristic parameters for the pressure melting pro-
cesses of ice around the axis-symmetric horizontal col-
umn are derived, which is proved to be correct by be-
ing applied to the analysis of the pressure melting
around the horizontal cylinder, elliptical cylinder and
flat plate. In addition, the mathematic expressions
for the pressure contact melting of ice around the
wedge-shaped object are also derived. The results ob-
tained in this paper offer a quicker and simpler means
for the unified analysis and description of the pressure
melting around a kind of infinite long horizontal col-
umn.
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